for all pP and gG. Also the concept of a group action on sets can be extended to compatible left, right actions on sets. For more details see: [5] , [7] and [8] . §.2 Covering (G, H)-posets:
In this section, we give the definition of the (left, right) group actions on posets, and the covering poset of a given poset.
So, we begin with the formal definition first, before proceeding to explain the intuitive concept behind it.
Definition (2-1): [4] .
A poset P is called (G,H)-poset if P is a left G-poset, a right H-poset and the two actions are compatible, that is for each gG, hH and pP there corresponds a unique element g p h in P such that g p h = g (p h ) = ( g p) h .
Equivalently, let G and H be two groups and P a poset , we say that P is a ( G , H )-poset if for every gG , hH and pP there corresponds a unique element g p h P such that 1. e p e = p 2. P is a left G-poset with the action defined by: g p = g p e ∀ pP, gG. 3. P is a right H-poset with the action defined by: p h = e p h ∀ pP, hH. 4. ( g p) h = g (p h ) ∀ g∈G , h∈H and p∈P . 5. p > q ⟹ g p h > g q h ∀ g∈G , h∈H and p,q∈P . When condition (5) is neglected, P is called a (G, H)-set. For more details see: [5] , [6] and [8] .
Example (2-2)
Let the additive group Z acts on the set of the real numbers R by the action : n a= a+n ∀ a∈R , n∈Z , and the additive group Q acts on R from the right by the action a n = a-n ∀ a∈R , n∈Q , then R is a (Z , Q)-poset.
Also, there exists a G-poset P which is also a right H-poset , but it's not a (G , H)poset , as in the following example; let G = H = C2 = {e,a} and P = {x,y,z,w,t,r} is a poset with x<y , z<w , t<r. Then, P is a G-poset with the action defined by : a x = z , a y = w , a t = t , a r = r , e p = p ∀ p∈P, and a right H-poset with the action defined by : x a = x , y a = y , z a = r , wa = t , pe = p ∀ p∈P. But, P is not (G, H)-poset, that is since ( a z) a = z a = t and a (z a ) = a r = r.
Remark (2-3):
Any G-poset P can be considered as (G, H)-poset with the trivial right action of H on P.
Also, from the definition above, we see that a left G-poset P is one left action of G on P. But, for (G, H)-poset P there are two compatible group actions one is from the left and the other from the right.
Definition (2-4): [2]
Let P be a poset. We say that the element a of P covers the element b of P if a>b and there is no element c∈P such that a>c>b .
Proposition (2-5):
Let P be a (G, H)-poset and a,bP with a covers b , then g a h covers g b h ∀ g∈G and h∈H .
Proof:
Suppose that g a h does not cover g b h , then there exists, at least, an element cP such that g a h >c> g b h .Hence, is a poset such that: for all (a,b) ,
Let P be a (G, H)-poset. Then C(P) is also a (G,H)-poset with an action defined by; g (a,b) h = ( g a h , g b h ) ∀ (a,b) ∈ C(P) , g∈G and h∈H .
Proof:
(G, H)-Chains:
In this section, we study the (left, right) group actions on chains and when the trivial action is the only one.
Definition (3-1): [2].
A poset P is called a chain (or totally ordered set) if; for all a,b P : a ≥ b or b≥a. Equivalently, the poset P is called a chain if for every two different elements a,b of P either a > b or b > a .
From the definition above, we conclude that every element of a chain covers, at most, one element and covered at most by one element. Also, any chain has, at most, one maximal element 1 and one minimal element 0.
Remark (3-2): [2].
Any chain X of n elements is isomorphic to the set of natural numbers }. ,..., 2 , 1 { n n = that is there exists a bijection function :
Theorem (3-3):
Let
{ be a (G, H)-chain and I be a set of successive integers with … ...
If g xi h = xj then, g x hi+r = xj+r ∀ i , j , i+r , j+r∈ I .
Since, X is a chain, then 1 + i x covers i x and by proposition (2-3), g x h i+1 covers g x h i . Since, g x h i = xj then, xj+1 covers g x h i . So g x h i = xj+1. (ii) Now, we shall use the mathematical induction to prove that g x h i+1 = xj+1 for i =1. Suppose g + ℎ = xj+n for r = n and i+n, j+n∈I. Since, X is a chain, then xi+n+1 covers xi+n .So, g x h i+n+1 covers g x h i+n .Now, from g x h i+n = g x h j+n we have g x h i+n+1 = xj+n+1. Therefore , g x h i+r = xj+r ∀ i , j , i+r , j+r ∈ I . ■ Lemma (3-4) :
Let X be a (G, H)-chain and (g,h)G×H . If g x h i = xt and xi<x t , then g-1 xi h-1 <xi ∀ xi∈X .
Proof:
Therefore, Similarly, we have a contradiction if xt < xi . Hence, since X is a chain, then xi = xt. So g xi h = xi.
Therefore, (g,h)Stab(G,H)(xi) for all xiX. ■
Theorem (3-7):
Let (X,) be a (G, H)-chain. Then, the (G, H) action on X is only the trivial action if X has 0 or 1.
Proof:
(i) Let 0 = x1X and (g,h)G×H . Suppose that g x1 h ≠ x1, then x1< g x1 h [x1=0] .
Also, Finally, in this section, we will study the maximal chains in (G, H)-posets and we shall observe that the study of these kinds of chains gives us some indications on the type of some group actions on posets.
Definition (4-1): [2].
Let P be a poset and 
Proposition (4-2):
Let P be a (G, H)-poset and Y be a maximal chain in P. Then, g Y h is also a maximal chain in P with | g Y h | = |Y|.
Proof:
(i) Since Y is a maximal chain in P , so we can say Y = {xi,xi+1,…,xj}such that xr+1 covers xr for all i< r < j . So , g Y h = { g xi h , g xi+1 h , . . . , g xj h } for all (g,h)G×H . Hence, g xi h < g xi+1 h < . . . < g xj h .Suppose that there exists an element as cP such that g xi h < g xi+1 h < . . . < c < . . . < g xj h .
Then,
< . . . < xj and this is a contradiction since Y is a maximal chain.
(ii) Suppose that there exists an element bP such that b < gxih then:
Similarly, if gxih ≤ a then gxjh = a . Therefore, gYh is a maximal chain. Now, let the map f: Y → gYh is defined by: f(y) = gYh ∀ y∈Y. f is injective map since : f(y1) = f(y2) ⇒ g y1 h = g y2 h ⇒ y1 = y2 .
Also f is onto since if x∈ g Y h then there exits yY such that x = g y h . Hence, f is bijection and |Y| = | g Y h | ■
Definition (4-3): [2].
Let P be a poset and x  P. Then, the subset C of P is called a cutset of the element x in P if every element of C is not comparable with x and all the maximal chains in P cut with C∪{x}. We shall denote to this set by cut x.
Proposition (4-4):
Let P be a (G, H)-poset and C is the cutset of x P. Then, g C h is the cutset of gxh. That is g C h = cut g x h .
Proof:
Let y  cut g x h then y h −1 g −1 is not comparable with g x h . So
Hence, cut g x h ⊆ g C h .
Now let g s h ∈ g C h . Then, sC. So, s is not comparable with x. that is g s h is not comparable with g x h . So g s h ∈ cut g x h .
Therefore, g C h = cut g x h . ∎ 
To prove this theorem, we must first prove that i M M h i g = for 1 i  n, after that we must show that g x h = x for all x  Mi and (g,h)G×H .
First part:
Our argument proceeds by mathematical induction on the number n to prove that g Mi h = Mi for all 1 i  n.
Let |Mi| = ri, ∀ 1 i  n such that r1<r2<…<rn.
Suppose that g M1 h ≠ M1. By proposition(4-2) g M1 h is a maximal chain and | g M1 h | = |M1|,then g M1 h ∈P(M 
Second part:
n is the family of the maximal chains in P , then Mi is a finite maximal chain in P. Using corollary (3-8), we get : g x h = x for all xMi , (g , h)G×H with 1 i  n.
Therefore, from part one, the action of (G, H) on P is the trivial action only. ■
Definition (4-6):
Let (H, * op ) be a group. Define H op to be a group its elements are the element of H and the product h1 * op h2 = h2 * h1 .
Proposition (4-7):
Let P be a (G,H)-poset , so for all (g,h)∈G×H there exists a permutation g h : P→ P defined by g h(p) = g p h for all p∈P .
Also the map : (G×H op ) →S|P| is defined by: (g, h) = g h for all (g,h)∈G×H is a homomorphism . We get the number of permutations on the equal parts are, r!, (t-r)!,…,(n-k)! respectively. Using the fundamental principle of counting, the number of the permutations on the maximal chains is r! x(t-r)! x … x(n-k)! . Since, P is an injective (G, H)-poset,Then, |(G, H)|≤r! x(t-r)! x . . . x(n-k)! . ■
